Abstract. Using the relations between a‰ne symmetric spaces and di¤erentiable Bol loops we determine all 3-dimensional connected di¤erentiable proper Bol loops having a non-solvable Lie group as the group topologically generated by their left translations.
Introduction
Di¤erentiable diassociative loops can be treated following the ideas of Sophus Lie since for their tangential objects, binary Lie algebras, Lie's first theorem and Lie's third theorem are satisfied: To every binary Lie algebra there exists (up to local isomorphisms) a unique di¤erentiable diassociative local loop. Kuzmin, Kerdman, and Nagy have proved that any local di¤erentiable Moufang loop (these loops form a subclass of the class of diassociative loops) can uniquely be embedded into a connected simply connected global one (cf. [8] , [12] , [17] ). This problem is more di‰cult for diassociative loops. Namely, there are local di¤erentiable diassociative loops such that the corresponding global analytic loops do not exist (cf. [5] ). In [5] the author gives in special cases the exact condition when a local diassociative loop can be embedded in a connected simply connected global one.
The present research on loops turns to such classes C of di¤erentiable loops which have local forms determined in a unique way by algebras the properties of which are deduced by the properties of the tangential objects of loops in the class C. The most important class C of such loops are the Bol loops. Their tangential objects, the Bol algebras, can be seen as Lie triple systems with an additional binary operation (cf. [18] pp. 84-86, Def. 6.10). As known the Lie triple systems are in one-to-one correspondence to (global) simply connected symmetric spaces (cf. [14] , [18] Sec. 6). Hence there is a strong connection between the theory of di¤erentiable Bol loops and the theory of symmetric spaces. In particular the theory of connected di¤erentiable Bruck loops (which form a subclass of the class of Bol loops) is essentially the theory of a‰ne symmetric spaces (cf. [18] Sec. 11).
The 1-dimensional connected di¤erentiable Bol loops are isomorphic either to the group R or to SO 2 ðRÞ. The smallest connected di¤erentiable proper Bol loops are realized on 2-dimensional manifolds. There exist precisely two isotopism classes of proper 2-dimensional connected di¤erentiable global Bol loops. As a representative of the one class we may choose the hyperbolic plane loop (cf. [18] , Section 22); this loop is the unique Bruck loop in the isotopism class of loops, having the connected component of the group of hyperbolic motions as the group topologically generated by their left translations. As a representative of the other isotopism class may be chosen the 2-dimensional Bruck loop which is realized on the pseudo-euclidean a‰ne plane such that its left translations group is the connected component of the group of pseudo-euclidean motions and the elements of L are the lines of positive slope in the pseudo-euclidean a‰ne plane (cf. [18] Section 25).
Our aim in this paper is to classify the 3-dimensional connected di¤erentiable global Bol loops, which have a non-solvable group as the group topologically generated by their left translations and to describe their relations to metric space geometries. The classification of global di¤erentiable Bol loops significantly di¤ers from the classification of local di¤erentiable Bol loops. There exist much more local di¤erentiable Bol loops than global di¤erentiable Bol loops, as we will also show in this paper.
We treat the di¤erentiable Bol loops as images of global di¤erentiable sections s : G=H ! G such that for all r; s A sðG=HÞ the element rsr lies in sðG=HÞ, where H is the stabilizer of the identity e of L in G. Using the present theory of di¤erenti-able Bol loops it is not di‰cult to prove that G is four, five or sixdimensional. The images of sections for local Bol loops can be realized as the exponential images of Lie triple systems. But then we have to discuss which of these local Bol loops can be extended to global Bol loops.
The results of our paper can summarized in the following Theorem. There are precisely two isotopism classes C i , ði ¼ 1; 2Þ of the 3-dimensional connected di¤erentiable simple proper Bol loops L such that the group G generated by the left translations fl x ; x A Lg is a non-solvable Lie group.
The class C 1 consists of Bol loops having the simple Lie group G ¼ PSL 2 ðCÞ as the group topologically generated by their left translations and as the stabilizer H of e A L in G the group SO 3 ðRÞ.
Any loop in the class C 1 can be characterized by a real parameter a, where À1 < a < 1. The loops L a are isotopic to the hyperbolic space loop L 0 , which is realized on the hyperbolic space by the multiplication x Á y ¼ t e; x ð yÞ, where t e; x is the hyperbolic translation moving e onto x. The loop L 0 is the only Bruck loop in C 1 . The loops L a and L b in C 1 are isomorphic if and only if the angles between the tangent 3-space m a , respectively m b and the tangent 3-space m 0 are the same with respect to the Cartan-Killing form. This is the case if and only if b ¼ Ga.
The other class C 2 of simple Bol loops consists of 3-dimensional connected di¤eren-tiable Bol loops such that the group G topologically generated by their left translations is the semi-direct product PSL 2 ðRÞ y R 3 , where the action of PSL 2 ðRÞ on R 3 is the adjoint action of PSL 2 ðRÞ on its Lie algebra, and for the stabilizer H of e A L we have G cos t sin t Àsin t cos t ; Àx y y x ; t A ½0; 2p; x; y A R
:
Any loop in this class can be characterized by three real parameters a; b; c, with a 2 þ b 2 < 1. In C 2 there is only one isomorphism class of Bruck loops, which consists of the loopsL L c ¼ L 0; 0; c . As a representative of this isomorphism class may be chosen the pseudo-euclidean space loopL L ¼ L 0; 0; 0 , which is realized on the pseudo-euclidean a‰ne space. The connected component of the group of pseudo-euclidean motions is the group topologically generated by the left translations ofL L. The elements ofL L are the planes on which the euclidean metric is induced. Two loops L a; b; c and L a 0 ; b 0 ; c 0 in the class C 2 are isomorphic if and only if the angles between the tangent 3-space m a; b; c , respectively m a 0 ; b 0 ; c 0 and the tangent 3-spacem m ¼ m 0; 0; 0 are the same with respect to the CartanKilling form. This is the case if and only is a ¼ Ga 0 .
The non-simple 3-dimensional di¤erentiable proper Bol loops are either the direct product of the group R with a 2-dimensional Bol loop isotopic to the hyperbolic plane loop or the Scheerer extensions of the Lie group SO 2 ðRÞ by the 2-dimensional hyperbolic plane loop and the coverings of these Scheerer extensions.
Another important class of di¤erentiable loops which have a strong connection to reductive homogeneous spaces is the class of left A-loops. We show that any 3-dimensional di¤erentiable Bol loop which is also a left A-loop is either a Bruck loop or a Scheerer extension of the orthogonal group SO 2 ðRÞ by the 2-dimensional hyperbolic plane loop (which is not a Bruck loop) and the coverings of these Scheerer extensions.
At the end of this paper we realize within the 3-dimensional pseudo-euclidean geometry on the set of euclidean planes di¤erentiable loops which are not Bol loops but the corresponding section of which are given in a pure geometric manner.
Bol loops and their Bol algebras
A set L with a binary operation ðx; yÞ 7 ! x Á y is called a loop if there exists an element e A L such that x ¼ e Á x ¼ x Á e holds for all x A L and the equations a Á y ¼ b and x Á a ¼ b have precisely one solution which we denote by y ¼ anb and x ¼ b=a. Let G be the group generated by the left translations of L and let H be the stabilizer of e A L in the group G. The left translations of L form a subset of G acting on the cosets fxH; x A Gg such that for any given cosets aH; bH there exists precisely one left translation l z with l z aH ¼ bH.
Conversely let G be a group, H be a subgroup containing no normal non-trivial subgroup of G and s : G=H ! G be a section such that s satisfies the following conditions:
1. The image sðG=HÞ forms a subset of G with sðHÞ ¼ 1 A G.
2. sðG=HÞ generates G.
3. sðG=HÞ acts sharply transitively on the space G=H of the left cosets fxH; x A Gg (cf. [18] , p. 18).
Then the multiplication on the factor space G=H defined by xH Ã yH ¼ sðxHÞyH yields a loop LðsÞ. This loop is a Bol loop if and only if for all r; s A sðG=HÞ the element rsr is contained in sðG=HÞ.
If L 1 and L 2 are Bol loops, then the direct product L 1 Â L 2 is again a Bol loop.
Proposition 1. Let L be a loop and let G be the group generated by the left translations of L, and denote by H the stabilizer of e A L in G. If G and H are direct products
2Þ then the loop L is the product of two loops L 1 and L 2 , and L i is isomorphic to a loop L
In particular there is no 3-dimensional Bol loop L such that L is the product of a 1-dimensional and a 2-dimensional Bol loop and G is a 5-or 6-dimensional Lie group.
Proof. The first assertion is the Proposition 1.18 in [18] . The second assertion follows from the fact that a 1-dimensional Bol loop is a Lie group. Hence the dimension of the group G is at most 4. r
If the elements of L are points of a di¤erentiable manifold and the operations ðx; yÞ 7 ! x Á y, ðx; yÞ 7 ! x=y, ðx; 
Proof. In the case b) every 1-dimensional subgroup H of G containing no non-trivial normal subgroup of G has one of the following shapes:
where K is isomorphic to SO 2 ðRÞ and j is a non-trivial homomorphism.
In the case d) every 3-dimensional subgroup H of G, which does not contain any normal subgroup 0 f1g of G is conjugate to fða; aÞ j a A SO 3 ðRÞg.
In the cases a), c) and for H 1 in the case b) the factor space G=H is a topological product of spaces having as a factor the 2-sphere or the projective plane, which are non-parallelizable. In the cases d), e) and for H 2 in the case b) the factor space G=H is compact ( [18] , Section 16). [16], pp. 428-429). If L is a connected di¤erentiable Bol loop having a Bol algebra A as its tangent Bol algebra, then the Lie algebra g of the Lie group G topologically generated by the left translations of L is isomorphic to the standard enveloping Lie algebra of A. If A is a n-dimensional Bol algebra, then the dimension of its standard enveloping Lie algebra is at most n þ nðn À 1Þ=2 (cf. [16] , pp. 428-430).
From every triple ððg; ½: ; :Þ; h; mÞ we can construct in a canonical way a triple ððg Ã ; ½: ; : Ã Þ; h Ã ; mÞ (cf. [16] , pp. 424-425, and [18] , Section 6). The Lie algebra ðg Ã ; ½: ; : Ã Þ is the Lie algebra of the isometry group of a symmetric space and the Lie algebra g is an epimorphic image of g Ã . Moreover the subspace m H ðg; ½: ; :Þ determines a Lie triple system A :¼ ðm; ð: ; : ; :ÞÞ, with ð: ; : ; :Þ ¼ ½½: ; :; :. If the intersection of the centre of g with ½m; m is trivial then the Lie algebra g is an epimorphic image of the Lie algebra of the isometry group for the symmetric space belonging to the Lie triple system A.
Remark. Let G be a connected Lie group and let g be its Lie algebra. For the classification of di¤erentiable local Bol loops L having G as the group topologically generated by the left translations such that g ¼ m l ½m; m for the subspace m corresponding to the tangent space of L holds we may proceed in the following way: First we determine all symmetric spaces m having G as the isometry group. After this we have to find for any symmetric space m all subalgebras h with g ¼ m l h such that h does not contain any non-trivial ideal of g. For the classification up to isotopisms it is enough to take for h a suitable representative of the set fg À1 hg; g A Gg.
Since 
The group G topologically generated by the left translations of L is a Lie group (cf. [18] , Proposition 5.20, p. 75). Let g be the Lie algebra of G and let h be the Lie subalgebra of the stabilizer H of e A L in G. Denote by s : A di¤erentiable loop L is called a Bruck loop if there is an involutory automorphism s of the Lie algebra g of the connected Lie group G generated by the left translations of L such that the tangent space T e ðLÞ ¼ m is the À1-eigenspace and the Lie algebra h of the stabilizer H of e A L in G is the þ1-eigenspace of s.
3-dimensional Lie triple systems
Let ðm; ð: ; : ; :ÞÞ be a Lie triple system. Denote by ðg Ã ; ½: ; :Þ the Lie algebra of the group of displacements of the symmetric space belonging to a Lie triple system. We classify the 3-dimensional non-solvable Lie triple systems ðm; ð: ; : ; :ÞÞ within the group g Ã as subspaces with ð: ; : ; :Þ ¼ ½½: ; :; :.
a) The semisimple Lie triple systems
If m is a 3-dimensional semisimple Lie triple system then the corresponding Lie algebra is semisimple with 4 a dim g Ã a 6 ([13], p. 219, and Theorem 2.7, p. 222). Every semisimple Lie algebra g Ã has dimension 6. To classify the 3-dimensional semisimple Lie triple systems we have to determine all involutory automorphisms of the Lie algebra g Ã , which leave a 3-dimensional subalgebra of g Ã elementwise fixed. This problem is equivalent to give all involutory automorphisms of the Lie group G Ã , which fix elementwise a 3-dimensional subgroup of G Ã .
Any 6-dimensional semisimple Lie group is locally isomorphic to one of the following Lie groups: 
case:
The automorphism group G of the Lie group G Ã ¼ PSL 2 ðRÞ Â PSL 2 ðRÞ is the semidirect product of the normal automorphism group G 1 Â G 1 , where G 1 is the automorphism group of PSL 2 ðRÞ, by the group generated by the automorphism s : G Ã ! G Ã ; ðu; vÞ 7 ! ðv; uÞ. The only involutory automorphisms centralizing a 3-dimensional subgroup of G Ã are the conjugate elements to s. Therefore there is up to conjugation precisely one 3-dimensional Lie triple system m having the shape fðX ; ÀX Þ j X A sl 2 ðRÞg.
In the case G Ã ¼ SO 3 ðRÞ Â SO 3 ðRÞ there is up to conjugation only one Lie triple system corresponding to G Ã . This Lie triple system has the form fðX ; ÀX Þ j X A so 3 ðRÞg.
case: B1
A real basis of the Lie algebra sl 2 ðCÞ: Let us consider in g Ã the following real basis fH; T; U; iH; iT; iUg, where
The Lie algebra multiplication is given by the following rules:
K1 The normalized complex Cartan-Killing form k C : sl 2 ðCÞ Â sl 2 ðCÞ ! C of sl 2 ðCÞ is the bilinear form defined by [20] , Section 6.1, pp. 215-228). The normalized real Cartan-Killing form k R : sl 2 ðCÞ Â sl 2 ðCÞ ! R is the restriction of
and the basis fH; T; U; iH; iT; iUg is orthonormal with respect to k R . The automorphism group G of PSL 2 ðCÞ is the semidirect product of the group of inner automorphisms by the group of order 2 generated by the outer automorphism t : z 7 ! z. According to ([15] , pp. 153-154) there are in G precisely two conjugacy classes of involutory automorphisms centralizing 3-dimensional subgroups. In the one class there is involutory automorphism fixing the group a b Àb a 
4.1
The subalgebra h 1 isomorphic to so 3 ðRÞ is generated by the basis elements iH; iT; U. The Lie triple system m with the property ½m; m ¼ h 1 has as generators H; T; iU.
4.2
The subalgebra h 2 isomorphic to sl 2 ðRÞ has as basis elements iH; T; iU. The Lie triple system m with the property ½m; m ¼ h 2 is generated by the elements H; iT; U.
b) Since there is no non-solvable 3-dimensional Lie triple system with a 2-dimensional radical rðmÞ (cf. [13] , Theorem 2.20, p. 227) we have to consider Lie triple systems having a 1-dimensional radical.
Let the subspace Re 1 be the 1-dimensional radical rðmÞ of the Lie triple system m.
One has m ¼ rðmÞ l u 0 , where u 0 is a 2-dimensional semisimple subsystem generated by e 2 and e 3 . Since the isometry group of the symmetric space P corresponding to u 0 is 3-dimensional we may assume that ½e 2 ; e 3 ¼ e 4 is the generator of the Lie algebra of the stabilizer of a point in P. 
We obtain 3 types of Lie triple systems with 1-dimensional centre belonging to the di¤erent types of the 2-dimensional semisimple Lie triple systems. Now we characterize the corresponding Lie algebras g Ã .
5.1
The Lie algebra g Ã is isomorphic to the Lie algebra so 3 ðRÞ l R. 5.2 The Lie triple system m 1 is generated by the basis elements e 1 ; e 2 ; e 4 .
5.3
The Lie triple system m 2 has as generators e 1 ; e 2 ; e 3 .
If the centre of m is trivial then not all parameters a; b; c; d in the system 1) of b) are zero. Using the third property in the definition of a Lie triple system and an automorphism j of the form: The corresponding Lie algebra g Ã is isomorphic to the Lie algebra so 3 ðRÞ y R 3 . Since Re 2 ; Re 3 ; Re 4 correspond to 1-dimensional rotations and ½½e 1 ; e 3 ; e 2 ¼ 0, ½½e 1 ; e 2 ; e 3 ¼ 0, ½e 4 ; e 1 ¼ 0 the vectors ½e 1 ; e 3 ; ½e 1 ; e 2 ; e 1 are the axes of the rotation groups corresponding to e 2 ; e 3 respectively e 4 . Hence e 1 ; e 5 :¼ ½e 1 ; e 3 , e 6 :¼ ½e 1 ; e 2 form a basis of the radical of g Ã G R 3 . We have ½e 4 ; e 6 ¼ e 5 , ½e 4 ; e 5 ¼ Àe 6 because the rotation group belonging to e 4 with the axis e 1 leaves the 2-dimensional subspace he 5 ; e 6 i orthogonal to he 1 i invariant. Similarly the rotation groups corresponding to e 2 and to e 3 with axes e 5 respectively e 6 leaves the subspaces he 1 ; e 6 i, respectively he 1 ; e 5 i invariant. Hence we have ½e 2 ; e 6 ¼ e 1 , ½e 3 ; e 5 ¼ e 1 . Therefore the multiplication in the Lie algebra g Ã is determined.
B3 Representing the Lie algebra g Ã in the Lie algebra of real ð4 Â 4Þ-matrices we may choose as basis the following matrices: 6.2 The Lie triple system m 2 is characterized by the rules: B4 Representing g Ã as pairs of real ð2 Â 2Þ-matrices we may choose as basis e 1 ¼ ð0; ÀUÞ, e 2 ¼ ðH; 0Þ, e 3 ¼ ðT; 0Þ, e 4 ¼ ðU; 0Þ, e 5 ¼ ð0; ÀHÞ, e 6 ¼ ð0; TÞ with H; T; U defined in B1. The Lie triple system m 2 defined by the relations 6.2 in the basis B4 is generated by the basis elements e 2 ; e 4 ; e 6 . The Lie triple system m 3 defined by the relations 6.3 belonging to the basis B4 has as generators e 1 ; e 2 ; e 3 .
If an element X of g Ã ¼ sl 2 ðRÞ y R 3 has the decomposition
then the Cartan-Killing form k (cf. [20] , p. 193) on g Ã satisfies the relation
7 The last Lie triple system and the corresponding Lie algebra g Ã are defined by the following rules:
Bol loops having semisimple Lie groups as the groups generated by their left translations
In this section we classify all 3-dimensional connected di¤erentiable Bol loops having semisimple Lie groups as the groups topologically generated by their left translations and describe the symmetric spaces as well as the natural geometries associated with these loops.
Let L be a 3-dimensional proper Bol loop, let G be the group generated by the left translations of L and H be the stabilizer of e A L in G. Since G is semisimple and 4 a dim G a 6 we have dim G ¼ 6. 
we obtain that
and H has the shape (ii).
Finally let dim p 1 ðHÞ ¼ 3. From the previous arguments it follows that dim p 2 ðHÞ ¼ 3. If there is no homomorphism j :
If there exists a homomorphism j : G 1 ! G 2 then the stabilizer H has the shape fðx; jðxÞÞ j x A G 1 g. Moreover j must be an isomorphism since otherwise G would contain a discrete central subgroup of G. Hence G can be identified with Now we deal with the case 1). There is up to isomorphism precisely one Lie triple system m ¼ fðX ; ÀX Þ j X A sl 2 ðRÞg corresponding to the Lie group PSL 2 ðRÞ Â PSL 2 ðRÞ (2. case, Section 3).
The Lie algebra of H 1 is h 1 ¼ fðX ; X Þ j X A sl 2 ðRÞg. The Lie algebra h 2 of H 2 is generated by the basis elements: ðH; HÞ; ðU þ T; 0Þ; ð0; U þ TÞ, where H; U; T are ð2 Â 2Þ-matrices defined in B1. We see that the intersection of m and h 1 is trivial. But the subalgebra h 1 contains the element ðH; HÞ, which is conjugate to the element ðH; ÀHÞ A m under the element corresponding to the pair of matrices G1;G 0 1 À1 0 . This contradicts Lemma 3. Since the intersection of m and h 2 is hðU þ T; ÀðU þ TÞÞi the subspace m cannot be a complement to h 2 in g.
From this discussion it follows that there is no 3-dimensional connected di¤erentiable Bol loop such that the group G generated by its left translations is isomorphic to the group PSL 2 ðRÞ Â PSL 2 ðRÞ.
Now we consider the case 2. The Lie algebra h of H with respect to the basis B1 (4. case, Section 3) has as generators U; iT; iH. The Lie triple system m ¼ hiT; U; Hi given in 4.2 cannot be a complement to h in g since h X m ¼ hiT; Ui.
The Lie triple system m of 4.1 satisfies ½m; m ¼ h, and g ¼ m l ½m; m. Hence it determines a 3-dimensional Riemann symmetric space (cf. [11] , Chapter VI, Theorem 2.2 (iii)). According to Theorem 11.8 in ( [18] ) there exists a global di¤erentiable Bruck loop L 0 homeomorphic to R 3 and having G G PSL 2 ðCÞ as the group topologically generated by its left translations such that H G SO 3 ðRÞ is the stabilizer of e A L in G. Since the symmetric spaces with PSL 2 ðCÞ as the group of displacements which correspond to global di¤erentiable Bol loops are isomorphic, there is precisely one isotopism class C of di¤erentiable Bol loops having PSL 2 ðCÞ as the group topologically generated by their left translations (cf. Remark in section 3) and L 0 is a representative of C. Since the subspace m corresponding to L 0 is the hyperbolic space we call L 0 the hyperbolic space loop.
In order to determine within the isotopism class C the isomorphism classes we look for a suitable parametrization of the local Bol loops isotopic to the hyperbolic space loop. For this reason we consider all 3-dimensional complements to h ¼ so 3 ðRÞ in g ¼ sl 2 ðCÞ with the properties g ¼ m l h, ½½m; m; m J m and m generates g. We can write m in the general form:
a; b; c; d; e; f ; g; h; k A R. According to [21] (pp. 217-219) there are precisely two classes of the Bol complements m to h in g having the following shapes: 
This condition is equivalent with the following equations:
The solution of this system of equations is b ¼ 1 a and b ¼ Àa. Since b; a A ðÀ1; 1Þ it follows that b ¼ Àa. Therefore the loops L a , a A ½0; 1Þ can be chosen as the representatives of the isomorphism classes of the Bol loops L a , a A ðÀ1; 1Þ.
The multiplication of the hyperbolic space loop L 0 may be given in the 3-dimensional hyperbolic geometry H 3 explicitly. We choose a point e in H 3 and define x y ¼ t e; x ðyÞ for all points x; y A H 3 , where t e; x is the hyperbolic translation along the line joining e with x and mapping e onto x.
3-dimensional Bol loops
The hyperbolic space geometry has an elementary model in the upper half space R 3þ ¼ fðx; y; zÞ A R 3 ; z > 0g. We can identify the elements of R 3 with the elements of the J-quaternion space. The J-quaternion space is the 3-dimensional subspace of the quaternion space which is orthogonal to the canonical basis quaternion k (cf. [3] , p. 3). We can give the action of the group SL 2 ðCÞ on R 3 by the linear rational func-
[3], p. 26). The restriction of this action onto the subspace R 3þ defines the action of SL 2 ðCÞ on the upper half space, and ðw;GgÞ 7 ! gðwÞ is the transitive action of PSL 2 ðCÞ on the upper half space. Since the stabilizer subgroup H ¼ SO 3 ðRÞ leaves the point j fixed, we may choose this point as the identity element of the hyperbolic space loop. Summarizing our discussion we obtain Theorem 5. There is only one isotopism class C of the 3-dimensional connected di¤er-entiable Bol loops L such that the group G generated by the left translations fl x ; x A Lg is a semisimple Lie group. The group G is isomorphic to PSL 2 ðCÞ and the stabilizer H of e A L in G is isomorphic to SO 3 ðRÞ. Any loop L a ðÀ1 < a < 1Þ in this class C is isotopic to the hyperbolic space loop L 0 . The tangent space T 1 L of the set L of the left translations of the hyperbolic space loop L 0 at the identity 1 A G is the plane m 0 through 0 in the Lie algebra g of G such that m 0 is orthogonal to the 3-dimensional Lie algebra h of H with respect to the Cartan-Killing form k R of g.
In the class C only the hyperbolic space loop is a Bruck loop.
The tangent spaces T 1 s a ðG=HÞ at 1 A G for all a A ðÀ1; 1Þ are the Bol complements m a . The loops L a and L b in C are isomorphic if and only if the angles between the 3-spaces m a and m 0 , respectively m b and m 0 are the same with respect to k R . As representatives of the isomorphism classes of the loops belonging to C we may choose the loops L a , where 0 a a < 1.
3-dimensional Bol loops corresponding to 4-dimensional non-solvable Lie groups
In this section we determine all 3-dimensional connected di¤erentiable global Bol loops L having a 4-dimensional non-solvable Lie group G as the group topologically generated by their left translations.
Since according to Proposition 2 b) a group locally isomorphic to SO 3 ðRÞ Â R cannot be the group topologically generated by the left translations of a 3-dimensional Bol loop we have to consider only the case that G is locally isomorphic to PSL 2 ðRÞ Â R. Moreover, since the group G is isomorphic to the Lie group G Ã described in 5.2 and 5.3 of section 3 we have to discuss the following situation.
Using the R-basis B2 (5.2, Section 3) the 1-dimensional subalgebras h of g ¼ sl 2 ðRÞ Â R containing no non-zero ideal of g are the following:
Since the Lie triple system m 1 in the case 5.2 is generated by the basis elements e 1 ; e 2 ; e 4 , the Lie algebras h 1 and h 3 cannot be complements to m 1 in g. Since the elements e 2 þ e 4 A m and e 3 þ e 4 A h are both parabolic in sl 2 ðRÞ, we have a contradiction to Lemma 3. Now we consider the Lie triple system m 2 ¼ he 1 ; e 2 ; e 3 i in the case 5.3. The intersection of h 1 and m 2 is not trivial, therefore m 2 is not a complement to h 1 in g. Since h 2 X m 2 ¼ h 3 X m 2 ¼ f0g and there is no element of m 2 which is conjugate to an element of h i for i ¼ 2; 3 we have to deal with both cases. If k 0 0 and
; where b A R and
; k with x; y; z; k A R; and Since s : G=H ! G is continuous we have
which is a contradiction. This means that there is no global Bol loop corresponding to the triple ðG; H 2 ; exp mÞ.
If k 0 0 and G ¼ PSL 2 ðRÞ Â SO 2 ðRÞ then we may assume that the stabilizer H 3 is one of the following subgroups H 3; n ¼ fðx; x n Þ j x A SO 2 ðRÞ; n A N W f0gg:
, such that M is the image of the section s 1 given by Since ½½m; m; m J m and each element g A G can uniquely be represented as a product g ¼ mh with m A exp m and h A H 3; n we have a global Bol loop L n for all n A N W f0g defined on the factor space G=H 3; n (cf. [9] , Corollary 3.11, p. 51 and [18] , Lemma 1.3, p. 17). In L n there is a normal subgroupG G isomorphic to SO 2 ðRÞ and the factor loop L n =G G is isomorphic to the hyperbolic plane loop. Therefore L n is a Scheerer extension of the Lie group SO 2 ðRÞ by the hyperbolic plane loop (cf. [18] , Section 2). This loop is a left A-loop, because of ½h; m J m. But it is not a Bruck loop since there is no involutory automorphism s : g ! g such that sðmÞ ¼ Àm and sðhÞ ¼ h. The loops L n are not isotopic. Theorem 6. There are precisely two classes C 1 ; C 2 of connected di¤erentiable Bol loops L with dimension 3 such that the group G generated by the left translations fl x ; x A Lg is a 4-dimensional non-solvable Lie group. Every loop in the class C 1 is the direct product of a 2-dimensional loop isotopic to the hyperbolic plane loop with the Lie group R. In the class C 2 are contained the Scheerer extension L n of the Lie group SO 2 ðRÞ by the hyperbolic plane loop and their coverings. The group G topologically generated by the left translations of L n is the direct product PSL 2 ðRÞ Â SO 2 ðRÞ and the stabilizer H n of e A L n in G is the group H n ¼ fðx; x n Þ j x A SO 2 ðRÞ; n A N W f0gg: If n ¼ 0 then the loop L 0 is the direct product of the Lie group SO 2 ðRÞ with the hyperbolic plane loop.
3-dimensional Bol loops belonging to 5-dimensional non-solvable Lie groups
In this section we seek for 3-dimensional connected di¤erentiable global Bol loops having a 5-dimensional non-solvable Lie group G as the group topologically generated by their left translations.
Any 5-dimensional non-solvable Lie group is locally isomorphic to one of the following groups:
5) The semidirect product G ¼ SL 2 ðRÞ y R 2 such that SL 2 ðRÞ acts in the natural way on R 2 . The group G may be seen as the connected component of the group of area preserving a‰nities of the real plane.
Since there is no epimorphism from a 6-dimensional Lie algebra g Ã given in section 3 onto one of the 5-dimensional Lie algebras g listed above only the Lie algebra g ¼ sl 2 ðRÞ y R 2 , which is the Lie algebra of the isometry group of a symmetric space (see case 7 in section 3) can occur as the group topologically generated by the left translations of a 3-dimensional connected di¤erentiable Bol loop. Every 2-dimensional connected subgroup H of G, which does not have any non-trivial normal subgroup of G, contains 1-parameter subgroups S fixing a point or containing a 1-dimensional translation group. The Lie algebra of S has as generator an elliptic, parabolic, or hyperbolic element of g. Using the relations of 7 we see that m contains elements corresponding to translations and m X sl 2 ðRÞ has with e 2 a hyperbolic, with e 3 an elliptic and with e 2 þ e 3 a parabolic element. Therefore exp m contains elements conjugate to elements of H. According to Lemma 3 there is no 3-dimensional Bol loop L as section in the group PSL 2 ðRÞ y R 2 . This consideration yields the following Theorem 7. There is no 3-dimensional connected di¤erentiable global Bol loop L having a 5-dimensional non-solvable Lie group as the group topologically generated by its left translations.
3-dimensional Bol loops with 6-dimensional non-solvable Lie groups as their left translations groups
A 6-dimensional non-solvable Lie group G can be occur as the group topologically generated by the left translations of a 3-dimensional connected di¤erentiable Bol loop, if G is isomorphic to a 6-dimensional Lie group G Ã listed in the section 3. Then we have to deal with the cases, where G is locally isomorphic to one of the following Lie groups:
1) The connected component of the euclidean motion group on R 3 .
2) The semidirect product of PSL 2 ðRÞ y R 3 , where the action of PSL 2 ðRÞ on R 3 is the adjoint action of PSL 2 ðRÞ on its Lie algebra.
Let us consider the first case. The 3-dimensional subgroups H of G ¼ SO 3 ðRÞ y R 3 , which does not contain any non-trivial normal subgroup of G, are locally isomorphic to the following subgroups: Either H has the shape as in case c) of Proposition 2 and there is no 3-dimensional di¤erentiable Bol loop corresponding to the pair ðG; HÞ or H ¼ fða; 0Þ; a A SO 3 ðRÞg. We consider the R-basis B3 of the Lie algebra g ¼ so 3 ðRÞ y R 3 given in the case 6.1 (Section 3). Then the Lie algebra h of H is generated by the basis elements e 2 ; e 3 ; e 4 and the Lie triple system m is generated by the basis elements e 1 ; e 2 ; e 3 . Then h X m ¼ he 2 ; e 3 i which is a contradiction. Now we discuss the second case. Then the group multiplication is given by
where ðA i ; X i Þ, i ¼ 1; 2 are two elements of G such that X i i ¼ 1; 2 are represented by 2 Â 2 real matrices with trace 0. We use the R-basis B4 of the Lie algebra g ¼ sl 2 ðRÞ y R 3 (6.3, Section 3). The 3-dimensional subalgebras h of g containing no non-zero ideal of g are the following: a) he 2 ; e 5 ; e 1 þ e 6 i, b) he 2 þ ke 5 ; e 1 ; e 6 i, where k A R, c) he 3 þ e 4 ; e 5 ; e 1 À e 6 i, d) he 2 ; e 3 þ e 4 ; e 1 À e 6 i, e) he 2 ; e 3 ; e 4 i, f ) he 4 ; e 5 ; e 6 i. First we deal with the Lie triple system m of (6.2 in section 3) generated by the basis elements e 4 ; e 2 ; e 6 . If the Lie algebra h has the shape a), b), d), e) and f ) then the intersection of h with m are the subspaces he 2 i; he 6 i; he 2 i; he 2 ; e 4 i, or he 4 ; e 6 i respectively. In the case c) the elements e 2 þ e 4 A m and e 3 þ e 4 A h are parabolic and the parabolic elements of sl 2 ðRÞ are conjugate to each other. This is a contradiction to Lemma 3.
Let us treat the Lie triple system m of (6.3 in section 3) which is generated by the basis elements e 1 ; e 2 ; e 3 and the image of m under the exponential map.
The exponential map exp : g ! G is defined in the following way: For X A g we have exp X ¼ g X ð1Þ, where g X ðtÞ is the 1-parameter subgroup of G with the property d dt The solution of this inhomogeneous system of linear di¤erential equations is:
The Lie algebra h of the stabilizer cannot have the shape a), b), d) and e) since in these cases the intersection of h with m is the subspace he 2 i; he 1 i; he 2 i and he 2 ; e 3 i respectively.
In the case c) we have h X m ¼ 0, there is no element of m which is conjugate to an element of h and Now we assume that the stabilizer H has the shape f ). Since the group SL 2 ðRÞ has no 3-dimensional linear representation the group G is isomorphic to the semidirect product of PSL 2 ðRÞ y R 3 and H may be chosen as
Àx y y x
; t A ½0; 2pÞ; x; y A R
:
We have ½m; m ¼ h, g ¼ m l ½m; m and therefore the corresponding loop L realized on G=H is a Bruck loop. We prove that this loop is global.
For the connected simple Lie group PSL 2 ðRÞ there exists a unique decomposition
, where a > 0, b A R, t A ½0; 2pÞ (cf. [7] , p. 525).
Since
each element of G can uniquely be written as The first component of exp m is precisely the section s 1 of the hyperbolic plane loop given before Theorem 6. Therefore for given a > 0, b A R we have unique l 2 ; l 3 A R, t A ½0; 2pÞ such that
In order to determine within the isotopism class C of the pseudo-euclidean space loop ðL L; ÃÞ the isomorphism classes we consider arbitrary complements m to the Lie algebra h of the stabilizer H of e A L in g. These complements have the form: ; c 2 is the Lie algebra of the semidirect product of a 2-dimensional normal translation group T by a 1-dimensional rotation group S. It follows that then h b 3 ; c 3 ; c 2 ¼ t l s, where t respectively s is the Lie algebra of T respectively of S and the Cartan-Killing form k given by K2 in section 3 is zero on t and negative on s. Since 
aðe 5 Þ ¼ Àeb 4 e 6 þ eb 2 e 5 ,
The 3-dimensional pseudo-euclidean geometry Eð2; 1Þ has also a representation R on the a‰ne space R 3 such that the motion group consists of the a‰ne mappings The stabilizer H which is the image of the Lie algebra of the shape f ) under the exponential map leaves in Eð2; 1Þ the plane P consisting of the points I ; x y y Àx ; x; y A R invariant. The points of P satisfy
The planes of R the points ðx; y; zÞ of which satisfy x 2 þ y 2 > z 2 are called euclidean planes. The connected component WðGÞ of the motion group of R acts transitively on the set C of the euclidean planes and the set Wðexp m 0; 0; 0 Þ is sharply transitive on C. The planes of C can be taken as the points of the pseudo-euclidean space loop ðL L; ÃÞ such that the multiplication is given by
where t P; Q 1 is the unique element of Wðexp m 0; 0; 0 Þ mapping the plane P, which is the identity ofL L onto Q 1 .
From the above discussion we obtain the 3-dimensional Bol loopsTheorem 8. There is only one isotopism class C of the 3-dimensional connected di¤er-entiable Bol loops L such that the group G generated by the left translations fl x ; x A Lg is a 6-dimensional non-semisimple and non-solvable Lie group. The group G is isomorphic to PSL 2 ðRÞ y R 3 , where the action of PSL 2 ðRÞ on R 3 is the adjoint action of PSL 2 ðRÞ on its Lie algebra. The stabilizer H of e A L in G is isomorphic to The pseudo-euclidean space loop ðL L; ÃÞ has a representation on the manifold C of euclidean planes in the 3-dimensional pseudo-euclidean geometry R with the multiplication is given by the formula ð ** Þ.
Construction of 3-dimensional di¤erentiable loops within the pseudo-euclidean space
Let R be the 3-dimensional pseudo-euclidean a‰ne space. We embed the a‰ne space R 3 into the projective space P 3 ðRÞ such that ðx; y; zÞ 7 ! kð1; x; y; zÞ, k A Rnf0g. Then the projective plane E at infinity consists of the points fkð0; x; y; zÞ j x; y; z A R; k A Rnf0gg. The cone x 2 þ y 2 À z 2 ¼ 0 of the a‰ne space R 3 intersects the plane E in the conic given by C : fkð0; x; y; zÞ j x 2 þ y 2 ¼ z 2 ; kð0; x; y; zÞ 0 ð0; 0; 0; 0Þg. The conic C divides the points of E nC in two regions R 1 ; R 2 . The points ð0; x; y; zÞ of R 1 respectively of R 2 are characterized by the property x 2 þ y 2 < z 2 , respectively x 2 þ y 2 > z 2 .
Let C be the manifold of planes which intersect the plane E in lines contained in the region R 2 , i.e. in lines which do not meet C. There is a polarity p of E such that the absolute points of p are the points of the conic C. The polarity p interchanges the points of R 1 with the lines of R 2 . We may assume that the connected component of the motion group of G ¼ PSL 2 ðRÞ y R 3 on R is given by the Lorentz transformations. Since any translation of R 3 leaves E pointwise fixed the group induced by G on E is isomorphic to PSL 2 ðRÞ and it is already induced by the stabilizer G of ð0; 0; 0Þ in G.
Let S be the submanifold of G G PSL 2 ðRÞ which is the image of the section s 1 defining the hyperbolic plane loop (cf. s 1 before Theorem 6) and let L be a 1-dimensional translation group leaving a line S invariant which intersects any plane of C in pre-cisely one point and contains the point ð0; 0; 0Þ. We show that the product Y ¼ LS acts sharply transitively on the planes of C and may be taken as the image of a section for a di¤erentiable 3-dimensional loop L L having G as the group topologically generated by its left translations. Let P be a plane of C containing the point ð0; 0; 0Þ and H be the stabilizer of P in G. Then for the manifold Y, which topologically generates G, one has Y X H ¼ f1g. Let J ¼ P X E and LðPÞ be the line joining the points ð0; 0; 0Þ and pðJÞ. This line intersects any plane of C in precisely one points. Let L LðPÞ be the 1-dimensional translation group leaving the line LðPÞ invariant. The multiplication for the loop L L LðPÞ with the identity P may be defined as follows:
ðX ; Y Þ 7 ! o ðt J; Q ðPÞ; X Þ ðt J; Q ðY ÞÞ : C Â C ! C; where t J; Q is the unique element in S mapping J onto the line Q ¼ X X E and o ðt J; Q ðPÞ; X Þ is the unique translation in L LðPÞ mapping the plane t J; Q ðPÞ onto X .
Let K be the 1-dimensional compact subgroup of G which leaves the line J invariant. Then K fixes pðJÞ and leaves the line LðPÞ pointwise invariant. Since S H G is the image of a section corresponding to the hyperbolic plane loop with the identity pðJÞ we have gSg À1 ¼ S and gL LðPÞ g À1 ¼ L LðPÞ for all g A K. Hence the loop L L LðPÞ has a 1-dimensional compact group of automorphisms.
Let L Ã be a 1-dimensional translation group such that the lines S which are invariant under L Ã intersect any plane of C, but S X E 0 pðJÞ. Then the loop L L Ã with identity P which corresponds to the section L Ã S and to the stabilizer H is not isotopic to the loop L L LðPÞ . This can be seen in the following way: The group K J H does not leave S invariant and hence does not normalize L Ã . It follows that gYg
No loop L L is a Bol loop since otherwise for elements 1 0 l A L and 1 0 r A S the element ðlrÞ Á 1 Á lr should be in LS. But one has lrlr ¼ lrlr 
